Two atoms in an optical lattice may be made to interact strongly at higher partial waves near a Feshbach resonance. These atoms, under appropriate constraints, could be bosonic or fermionic. The universal l = 2 energy spectrum for such a system, with a caveat, is presented in this paper, and checked with the spectrum obtained by direct numerical integration of the Schrödinger equation. The results reported here extend those of Yip for p-wave resonance (Phys. Rev. A 78, 013612 (2008)), while exploring the limitations of a universal expression for the spectrum for the higher partial waves.
I. INTRODUCTION
Normally, the scattering between two neutral atoms in higher partial waves is suppressed due to the centrifugal barrier. The situation may change, however, by sweeping a static magnetic field near a Feshbach resonance (FR) at a higher partial wave [1, 2] . In such a situation, the relative energy of the scattering atoms is at near-coincidence with the energy of a quasi-bound molecular state with a nonzero angular momentum. FR was first observed with bosons interacting in the s-state [3] , and later in higher partial waves [2] . Two spin polarized fermions may interact in a relative odd-l state in a single channel ultra-cold gas, or in an even-l state when the two atoms are in distinct spin states. The single-channel p-wave FR was first observed by Regal et al. [1] between 40 K atoms, while the fermionic s-wave between these atoms in distinct spin states was observed by the same group a little earlier [4] .
The two-particle energy spectrum in a spherical harmonic oscillator (HO) near a s-wave FR is found to be universal when the range of the interaction between the two atoms is much smaller than the average interparticle distance in the HO, i.e. the oscillator length [5, 6, 7] . Near the Feshbach resonance, this spectrum has been checked experimentally [8] in the limit of low tunneling for fermionic 40 K atoms in an optical trap in two distinct spin states. This is remarkable because the theoretical spectrum is obtained in a one-channel approximation, and fits the data even with the first term in the effective range expansion. More recently, Yip [9] has obtained the spectrum of two identical fermions in a HO near a p-wave FR. It is known that the p-wave FR gets split [10] between |m l | = 1 and 0. Yip's calculation is for m l = 0, but may be generaised for nonzero m l . For higher partial waves, however, it was stated that the energy spectrum could not be expressed in terms of the parameters in the scattering amplitude and the oscillator constant [9, 11] . In this paper, using a method first formulated by Jonsell [6] for l = 0, we express the energy spectrum for the higher partial waves in terms of the scattering parameters. We examine the l = 2 case in detail, and compare the spectra obtained from this analytical formula with the results obtained by a numerical integration of the Schrödinger equation. Yip's assertion is justified, but only in a narrow region at resonance where the ground state energy goes to zero. The analytical formula accurately reproduces the excited state spectrum in the entire range, but is shown to be not accurate for the ground state in a narrow band across the resonance. With this exception, even though the energy spectra for l = 1 and l = 2 are extremely sensitive to the choice of the effective range parameter, we find that the levels are practically unchanged by introducing the next term in the expansion, which is shape-dependent.
In calculating the p wave spectrum, Yip used the effective range expansion for higher partial waves [12] 
with l = 1. Note that the scattering length a l and the effective range r l have the dimensions of (L) 2l+1 and (L) −2l+1 respectively. For single channel elastic scattering by a power-law potential r −n , and without any virtual transition to other channels like an excited quasi-molecular state, a l in Eq.(1) is only defined if n > (2l + 3) [13] . For the effective range r l to exist, the restriction is even more severe, n > (2l + 5). Taking n = 6 for the asymptotic behaviour of the interatomic potential, we see that for l = 1, only a 1 exists, but not r 1 . For l = 2, neither a 2 , nor r 2 is defined [13, 14] .
The situation changes, however, for dressed atoms near a Feshbach resonance. Consider scattering in an open channel which is coupled to a resonance in the closed channel through a spin-dependent two-body interaction W that depends on the relative distance r between the two atoms [15] . One part is the long range tensor inter-action between the two dipoles that falls off as r −3 . The other is the spin-exchange interaction between the two valence electrons of the alkali atoms that are closer than the uncoupling distance r u . For r < r u , the nuclear and electronic spins that were otherwise coupled in an isolated atom get uncoupled due to one atom's proximity to the other atom. The resulting spin-exchange interaction has a range r u which is smaller than the so-called van der Waals distance, a measure of the length scale for the r −6 potential. The coupling potential W may therefore be regarded as of shorter range than r −6 in cases where the spin exchange interaction is dominant.
Elimination of the closed channel results in an additional effective potential in the single-channel formalism. This effective potential, which dominates the open channel scattering near the Feshbach resonance, contains W quadratically. The effective range expansion should be valid for the higher partial waves for this short range potential, as will be discuused in the next section.
II. THE TWO-BODY PROBLEM A. Two-channel scattering
We first recall the well-known results of two-channel scattering, following the treatment and notation of Cohen-Tannoudji [17] . The Hamiltonian H is a 2 × 2 matrix, with the diagonal elements H op and H cl , and the nondiagonal coupling given by the short range spin exchange potential W . Here H op = (−∇ 2 + V op ), with V op given by the van der Waal power law potential whose asymptotic fall-off goes like r −6 . The closed channel Hamiltonian, in the single-resonance approximation, may be expressed as H cl = E res |φ res >< φ res |, with the resonance energy at E res .
The wave function ψ is a column matrix with two components φ op and φ cl . It is straightforward to show that the two-channel scattering problem may be described entirely in the open channel by a Lippman-Schwinger equation in which the incident wave is distorted by the open channel potential V op , and the scattering is by the effective potential V ef f . More explicitly, the (relative) outgoing wave of the dressed atoms |φ k op >, in terms of the distorted wave|φ
where
The distorted incident wave |φ + k > itself obeys a Lippman-Schwinger equation in which the incident wave is a plane wave, the Green's function is (E − T + iǫ) −1 , and the scattering potential is V op . As k → 0, the large-r behaviour of the first term on the RHS of Eq. (2) gives the background scattering length, and the second term yields the energy-dependent scattering length that dominates near the Feshbach resonance. Since we have in mind partial waves l ≥ 2, and V op (r) = −( 2 /M )C 6 /r 6 , the background scattering length does not exist [13, 14] . Indeed, the phase shift caused by this potential is vanishingly small for small k. This background phase shift, denoted by δ bg l (k), is given by [18] 
The distortion in the incident wave φ + k for small k may therefore be neglected, and the scattering for the higher partial waves at low energies is governed by the energydependent short range potential V ef f . As usual, the energy denominator in it may be related to the Zeeman splitting due to a sweeping magnetic field, giving rise to a large variation of the scattering length a l near FR. We may then express the flow of the energy levels as a function of the scattering length, assuming a fixed effective range r l in the expansion (1). This we proceed to do, generalising a method first proposed by Jonsell [6] for l = 0. We confine our treatment to m l = 0.
B. Energy spectrum in harmonic trapping
Each particle, of mass M , moves in a harmonic potential (1/2)M ω 2 r 2 . Making the usual transfomations to relative and CM co-ordinates, r = (r 1 − r 2 ), and R = (r 1 + r 2 )/2, and their corresponding canonical momenta p, P, we obtain, for the noninteracting particles,
where M cm = 2M , µ = M/2. Consider the relative motion of these two trapped particles, interacting with a short range effective potential V s (r). This is the single-channel equivalent of the potential W 2 (r) of Eq.(3), with the energy dependence in the denominator being absorbed in the rapidly varying scattering length parametrized by the Zeeman splitting. The two-body Schrödinger equation in each partial wave l for the radial wave function u l (r) = rψ l (r) with energy E l may be expressed in dimensionless variables x = r/( √ 2 L), where L = /(M ω), and η l = 2E l /( ω). It is given by
We may find the energy spectrum of the above equation without specifying the specific form of V s by generalising a method first adopted by Jonsell [6] for l = 0. Let the range of the short range potential V s (r) be given by b.
For r > b, taking V s = 0, the solution of Eq. (6) is given by
where y = x 2 , and M (α, γ; z) is the confluent hypergeometric function [13] . Since, for large z, M (α, γ; z) behaves as
the wave function behaves as
for large x. In order to get a convergence solution, we have to have
Since
we obtain
We now need to relate this ratio to the scattering length a l to determine the eigenvalue η l . Note that if the range b of V s is very small, as we approach r → b + , the oscillator potential may be neglected. This assumption is crucial for our derivation, and is examined in some detail in Appendix A for l = 2. Thus u l (r) for positive energy may be regarded as the phase-shifted scattering solution due to V s , given by
We match u l , given by Eq. (14) with that obtained from Eq. (7) for small x. The validity of this procedure for l = 2 rests on the condition (24) derived in Appendix A. For z → 0, and γ = 0, the Kummer's functions M (α, γ; z) is unity; hence the solution given by Eq.(7) behaves as
When this is matched with Eq. (14), we obtain
Equating Eqs (12, 17) , and using the effective range expansion (1), we obtain
In the above, we have defined the dimensionless quantitiesã
If we set l = 1 and L = l r / √ 2 following Yip [9] , we recover his result, that is, his Eq.(13);
where we have put a 1 = v and r 1 = 2c. Similarly, by setting l = 0 in Eq. (18) we recover the spectrum of the l = 0 states as given by Busch [5] . Note that Eq. (18) has been obtained with no mention of any specific shape of the potential, and is valid for any short-range two-body potential.
III. RESULTS AND DISCUSSION
In Figs 1-3 , we plot the energy spectrum given by Eq. (18) as a function of the scaled scattering lengthã l for l = 0 − 2, keeping the effective ranger l fixed. The same energy spectra look quite different when plotted against the inverse of the scattering length, 1/ã l . For l = 1, we reproduce Yip's result, and do not duplicate it here. Our Fig. 4 shows the energy levels for l = 2, plotted as a function of 1/ã l . Before discussing these spectra, we comment on the choice of the effective range parameter. For l = 1, Yip had set the scaled effective ranger 1 = −64/ √ 2 from experimental data [10] . From a theoretical point of view, to see if this may be generated by a potential whose range is much smaller than the oscillator length L, we take a square-well potential. The shape of the potential should not matter unless the shape-dependent term in the effective range expansion (proportional to k 4 ) affects the energy spectrum. We have verified that the spectra in Figs 1-4 remain virtually unchanged when this term is included. In the Appendix B, the analytical expressions for the scattering length and the effective range for any given partial wave are given. At a resonance, a l = ±∞, hence it follows from Eq. (26) Figs. (1-3) show that away from the resonance (ã l → ±∞), the energy plots againstã l have similar shapes. But whereas the l = 0 plots remain essentially unchanged whenr 0 is varied over a wide range, the higher partial waves become more and more sensitive to the choice of the effective range. This is apparent from Figs.2-3 . In all three, the lowest energy state tends to −∞ asã l → 0. Whenã l → ±∞, the l = 0 energy levels tend to the limit (2n + 1/2), n = 0, 1, 2.. in units of the oscillator spacing. By contrast, for l = 0, all but the lowest energy level go to the noninteracting values (2n + l + 3/2) in the zero range limit. All energies are in units of the oscillator spacing. At resonance, the lowest energy level for l = 0 tends to zero as the range of the potential is decreased. In Fig. 4 , we see that the higher energy levels show strong bends away from the resonance, a feature even more pronounced than for the l = 1 case shown in [9] .
To confirm that the analytical result (18) does produce the energy spectrum for l = 2 accurately for the range of the scattering parameters shown in Fig. 3(a) , we solved Eq.(6) numerically to determine η 2 . For V s , a square-well potential was taken withb = 1/15, and it was kept fixed. The scattering lengthã 2 was varied as shown by changing the depth of the potential. In Fig. 3(a) , the dashed curves and lines are plotted using the analytical formula (18) . The superposed dots show the results for the eigenvalues obtained by the numerical integration of Eq.(6). The agreement is excellent, confirming the expectation of Appendix A. In summary, we have argued in this paper that it is legitimate to use the effective range formalism for higher partial waves in the presence of a coupling to a Feshbach resonance, even though these parameters may not exist for a long range 1/r 6 interatomic potential. Next, we have derived an equation (18) , valid under certain restrictions for any partial wave, relating the eigenenergies to the effective range parameters. This is known to be be valid for l = 0 and l = 1 as long as the range of the potential is much shorter than the oscillator length We have shown in this paper that it is also applicable for l = 2, so long as the ground state energy is not too close to zero. Our Eq.(24), derived for the matching distance for l = 2 shows the limitation of the shape-independent parameters. At resonance, since both the terms on the RHS vanish, the analytical result (18) becomes of limited validity. For l > 2, the restrictions are more severe.
We are indebted to Dr.Takahiko Miyakawa for many useful discussions at Tokyo University of Science (TUS), where much of the work was done. We would also like to thank the referee for the incisive comments that resulted in our adding Appendix A, and a deeper understanding of the limitations of universality for l ≥ 2. This work was supported by NSERC (Canada), and a grant from (TUS).
IV. APPENDIX
whenã 2 tends to infinity, and E 2 for the ground state approaches zero. We then see that the RHS of Eq.(24) tends to infinity, and the inequality condition cannot be satisfied. Our formula (18) is no longer accurate for the ground state in this situation. This is confirmed by our numerical calculation as shown in Table 1 .
B. Appendix B
Consider an attractive square-well potential of depth V 0 and range b. Define the strength parameter
In a given partial wave l, the expressions for the scattering length a l and the effective range r l are given by
(27)
